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The interpretation of nuclear observables in the laboratory frame in terms of the intrinsic defor-
mation parameters β and γ is a classical theme in nuclear structure. Here we use the quadrupole
invariants (Kumar [1]), calculated within the framework of the configuration-interaction shell model,
to clarify the meaning and limitations of nuclear shapes. We introduce a novel method that enables
us to calculate accurately higher-order invariants and, therefore, the fluctuations in both β and γ.
We find that the shape parameter β often has a non-negligible degree of softness, and that the
angle γ is usually characterized by large fluctuations, rendering its effective value not meaningful.
Contrary to common belief, we conclude that doubly magic nuclei are not spherical because the
notion of a well-defined shape does not apply to them.
I. INTRODUCTION
The description of collectivity in nuclear structure has
its roots in the unified model of Bohr and Mottelson [2].
The treatment of the dominant quadrupole correlations
and the description of nuclear deformation have often
been carried out in the intrinsic frame, and quadrupole
shapes have been characterized by the intrinsic deforma-
tion parameters β and γ. We commonly characterize a
nucleus as prolate when γ=0◦, oblate when γ=60◦, and
rigid triaxial when γ=30◦. There has been a longstand-
ing debate as to whether nuclei with rigid triaxial defor-
mation exist, or instead can only be γ-soft. Often the
same nucleus exhibits signatures of intrinsic structures
with different values of β and γ, a phenomenon known
as shape coexistence [3]. The intrinsic deformation pa-
rameters can change along isotopic or isotonic chains,
referred to as shape evolution or shape transition.
The intrinsic shape parameters are usually inferred
from experimental values of observables such as ex-
citation energies, E2 transitions, and spectroscopic
quadrupole and magnetic moments. Intrinsic shapes are
commonly calculated in the framework of a mean-field
approximation. However, such an approximation breaks
rotational invariance and ignores important correlations.
Shape parameters can also be extracted from calcula-
tions carried out in the laboratory frame, in which case it
is necessary to agree on a set of rules for transforming be-
tween the laboratory frame and the intrinsic frame. Such
rules were outlined by Davidov and Filipov [4] and many
others. However, the only rigorous method to relate the
intrinsic parameters to laboratory-frame observables is
provided by the so-called quadrupole invariants Qˆn of the
second-rank quadrupole operator Qˆ, introduced by Ku-
mar [1] (see also Ref. [5]), whose expectation values are
independent of the particular frame. The effective values
of β and γ are determined from the expectation values
of the second- and third-order invariants defined, respec-
tively, by Qˆ2 = Qˆ · Qˆ and Qˆ3 = (Qˆ× Qˆ) · Qˆ (where Qˆ× Qˆ
is the coupling of Qˆ with itself to a second-rank opera-
tor). These invariants were recently applied to describe
the evolution of collectivity in cadmium isotopes [6].
However, it is not meaningful to assign effective val-
ues to β and γ without also studying their fluctuations.
Fluctuations in β can be determined from the variance
σ2 of Qˆ2
σ(Qˆ2) = (〈Qˆ4〉 − 〈Qˆ2〉2)1/2 , (1)
and requires the evaluation of the the expectation value
of the fourth-order invariant Qˆ4. Such fluctuations in
β were studied for example in Refs. [7–10]. However,
calculation of the fluctuations in γ requires the variance
of Qˆ3
σ(Qˆ3) = (〈Qˆ6〉 − 〈Qˆ3〉2)1/2 , (2)
as well as the covariance of Qˆ2 and Qˆ3 (see Eq. (16)
below). Thus, the expectation values of fifth- and sixth-
order invariants are needed to evaluate the fluctuations
in γ. The calculation of such higher-order invariants
has been a major challenge. Here we introduce a novel
method to calculate accurately higher-order invariants in
the framework of the configuration-interaction (CI) shell
model. This enables us to study systematically the fluc-
tuations of both shape parameters β and γ, and to fully
address the question of whether nuclear shapes are well
defined. We apply our method to selected nuclei in the
mass region A ∼ 20 − 76. In many of these nuclei, we
find a non-negligible degree of softness in β, while fluc-
tuations in γ are almost invariably large. In contrast to
recent claims [11–13], we show that the A = 76 isobars
of germanium and selenium are not rigid triaxial. We
also demonstrate that doubly magic nuclei, commonly
considered spherical, do not have any particular shape.
2II. HIGHER-ORDER INVARIANTS
The choice of the fourth-order invariant Qˆ4 is
unique [14] and we define it as Qˆ4 = (Qˆ2)2 = (Qˆ · Qˆ)2.
The fifth-order invariant is also unique and we take it
as Qˆ5 = Qˆ2 Qˆ3 = (Qˆ · Qˆ)([Qˆ × Qˆ] · Qˆ]). The sixth-order
invariant is not unique. There are two choices but the
adequate one is Qˆ6 = (Qˆ3)2 = ([Qˆ × Qˆ] · Qˆ])2.
To compute the expectation values of these invariants,
we take advantage of the fact that our shell model codes
incorporate naturally the projected Lanczos strength
function method [15]. To make our analysis as simple
as possible, we confine our study to the ground states of
even-even nuclei and to certain excited 0+ states which
are of particular interest. Our method follows several
steps:
(i) We perform a shell model calculation to obtain the
wave function of the |0+〉 state of interest.
(ii) We apply the axial quadrupole operator Qˆ20 to this
state to obtain
Qˆ20|0+〉 = SR1(2+)1/2|2+(1)〉 , (3)
where the constant SR1(2+) is defined such that the state
|2+(1)〉 is normalized. This state is not an eigenstate of
the Hamiltonian but can be considered a ’doorway’ or a
’sum rule’ (SR) state.
(iii) Using (3) we have
〈Qˆ2〉 = 5SR1(2+) . (4)
(iv) We compute the reduced matrix element of Qˆ in the
doorway state |2+(1)〉 and define
〈〈Qˆ〉〉 = 1√
5
〈2+(1)||Qˆ||2+(1)〉 . (5)
(v) Using 〈Qˆ3〉 = −5
√
7/2〈Qˆ320〉 [7] together with (4) and
(5), we obtain
〈Qˆ3〉 = 〈Qˆ2〉〈〈Qˆ〉〉 . (6)
(vi) Making a second iteration with Qˆ20 on the doorway
state in (3), we produce three new normalized doorway
states, |0+(2)〉, |2+(2)〉, and |4+(2)〉, along with their cor-
responding projected sum rules SR2(0+), SR2(2+), and
SR2(4+).
(vii) The expectation value of the fourth-order invariant
is then calculated from
〈Qˆ4〉 = 5〈Qˆ2〉 SR2(0+) . (7)
(viii) Iterating again with Qˆ20 on the doorway state
|2+(2)〉, we obtain new doorway states, |0+(3)〉, |2+(3)〉,
and |4+(3)〉, and their corresponding projected sum rules
SR3(0+), SR3(2+), and SR3(4+).
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FIG. 1. Schematic diagram demonstrating the computation of
the quadrupole invariants up to sixth order. Except for the
initial 0+ states, all states are sum rule or doorway states,
which are not eigenstates of the Hamiltonian but have good
spin and parity. Each arrow represents the action of the ax-
ial quadrupole Qˆ20 operator between the two states which it
connects. The red wiggly line denotes the overlap between
the two different 0+ doorway states.
(ix) Using the doorway states in (viii), we calculate the
expectation value of the sixth-order invariant from
〈Qˆ6〉 = 5〈Qˆ2〉 SR2(2+) SR3(0+) . (8)
(x) The expectation value of the fifth-order invariant can
also be calculated using
〈Qˆ5〉 = 5〈Qˆ2〉 SR2(0+)1/2 SR2(2+)1/2 SR3(0+)1/2
×|〈0+(2)|0+(3)〉| sign〈Qˆ3〉 . (9)
In Fig. 1 we present a schematic diagram of how we
produce all the doorway states that are needed to com-
pute the expectation values of the quadrupole invariants
up to sixth order.
(xi) The final expressions for the width-to-average ratios
for Qˆ2 and Qˆ3 are given by
σ〈Qˆ2〉
〈Qˆ2〉 =
(
5 SR2(0+)
〈Q2〉 − 1
)1/2
, (10)
and
σ〈Qˆ3〉
〈Qˆ3〉 =
(
5 SR2(2+) SR3(0+)
〈Qˆ2〉 〈〈Qˆ〉〉2 − 1
)1/2
. (11)
The intrinsic quadrupole moment Q0 and effective values
of the Bohr-Mottelson shape parameters β and γ can be
calculated from the expectation values of the second- and
third-order invariants using
Q0 =
√
16pi
5
〈Qˆ2〉1/2 , (12)
3β =
4pi
3r20
〈Qˆ2〉1/2
A5/3
, (13)
with r0=1.2 fm, and
cos 3γ = −
√
7
2
〈Qˆ3〉
〈Qˆ2〉3/2 = −
√
7
2
〈〈Qˆ〉〉
〈Qˆ2〉1/2 . (14)
To gain insight into how well defined are these effective
shape parameters, we also calculate their variances in the
framework of the CI shell model. These variances tell us
to what extent the intrinsic shapes are blurred in the
laboratory frame, and whether and when the very notion
of shape makes sense at all.
III. FLUCTUATIONS OF β
The standard deviation ∆β of the effective β param-
eter is easily determined from the standard deviation of
Qˆ2
∆β
β
=
1
2
σ〈Qˆ2〉
〈Qˆ2〉 . (15)
The fluctuations of β have been studied in Refs. [8, 9]
for the ground state and the deformed excited band of
42Ca using large-scale shell-model calculations, and in
Ref. [10] for a series of neodymium and samarium iso-
topes, using the auxiliary-field quantum Monte Carlo
(AFMC) approach. Before discussing these and our
results, we note that there is a limit in which the
quadrupole shape parameters are sharply defined; this
limit corresponds to Elliott’s SU(3) model [16], when the
variances of 〈Q2〉 and 〈Q3〉 are strictly zero, as are the
variances of β and γ. This SU(3) limit can be used to
test our calculation of the variances, which indeed van-
ish up to numerical accuracy. Shell-model calculations of
σ(Qˆ2)
〈Qˆ2〉
for the ground state and the first excited 0+ of 42Ca
were reported in Ref. [9], with values of 1.96 and 0.40,
respectively. It is thus obvious that it is not meaning-
ful to specify a value for the β parameter in the ground
state. In contrast, the effective value of β for the excited
state has only a 20% uncertainty, and we can interpret
this state as a β-soft state. In the AFMC calculation
of Ref. [10], values of σ(Qˆ
2)
〈Qˆ2〉
ranging from 0.57 to 0.27
were obtained for β values ranging from 0.106 to 0.230.
The effective value of β and its variance were found to be
anti-correlated, with larger values of β associated with
smaller fluctuations.
In the upper-right part of Table I we show our results
for the parameter β and its fluctuations for several nuclei
in the sd shell with the interaction USD-A [17], in the pf
shell with KB3 [18], and in the sd − pf shell with the
interactions SDPFU-MIX [19] and SDPFU [20]. In all
cases we compute the mass quadrupole with a Dufour-
Zuker isoscalar effective factor of 1.77 [21]. The results
pertaining to the charge distribution are very similar. In
TABLE I. Effective deformation parameters β, γ and their
fluctuations for the nuclei discussed in the text.
β ∆β σ〈Qˆ
2〉
〈Qˆ2〉
γ
σ〈Qˆ3〉
〈Qˆ3〉
δcv σ(cos 3γ) γ range
20Ne 0.62 0.07 0.24 3◦ 0.44 0.10 0.09 0◦ — 9◦
22Ne 0.59 0.08 0.27 13◦ 0.53 0.12 0.21 2◦ — 18◦
24Mg 0.60 0.07 0.25 18◦ 0.42 0.07 0.21 12◦ — 22◦
28Si 0.46 0.09 0.41 50◦ 0.91 0.32 0.42 38◦ — 60◦
48Cr 0.31 0.06 0.41 13◦ 0.84 0.32 0.30 0◦ — 20◦
34Si
0+1 0.18 0.10 1.07 40
◦ 3.61 1.72 1.52 0◦ — 60◦
0+2 0.42 0.08 0.37 40
◦ 1.14 0.17 0.53 30◦ — 60◦
44S
0+1 0.30 0.07 0.43 27
◦ 5.46 0.46 0.87 0◦ — 45◦
0+2 0.31 0.07 0.43 21
◦ 1.63 0.36 0.67 0◦ — 34◦
68Ni
0+1 0.12 0.07 1.10 37
◦ 5.10 1.85 1.66 0◦ – 60◦
0+2 0.20 0.07 0.65 36
◦ 3.43 0.24 1.12 12◦ – 60◦
0+3 0.29 0.05 0.29 14
◦ 0.62 0.13 0.26 0◦ – 20◦
64Cr 0.29 0.06 0.35 16◦ 0.84 0.24 0.35 0◦ – 24◦
70Zn 0.23 0.06 0.50 29◦ 13.57 2.45 0.77 12◦ – 45◦
76Ge 0.25 0.03 0.27 28◦ 3.59 1.0 0.45 18◦ – 36◦
almost all cases we find values of ∆ββ around 20% or less,
and the reference to an intrinsic structure is justified.
Two rows of Table I are devoted to 34Si. This neutron-
rich isotope is doubly magic [22], and its first excited
state is a 0+ [23] deformed state. The values shown in
Table I confirm that the ground state is indeed spheri-
cal, and with a value of σ〈Q
2〉
〈Q2〉 = 1.07, the notion of a
well-defined intrinsic state is meaningless. In contrast,
the excited 0+ state can clearly be interpreted as de-
formed. The isotope 44S belongs to the N = 28 island
of inversion (IoI) and its collective character has been
much debated [24]. Here we find that the ground state
and the first excited 0+ state in 44S are both deformed
with similar effective values of β.
IV. FLUCTUATIONS OF γ
Next we calculate and interpret the uncertainties in
the γ angle which arise from the non-vanishing variances
of 〈Q2〉 and 〈Q3〉. In particular, we compute the variance
of cos 3γ using
σ2(cos 3γ)
(cos 3γ)2
=
σ2〈Qˆ3〉
〈Qˆ3〉2 +
9
4
σ2〈Qˆ2〉
〈Qˆ2〉2 − 3
〈Qˆ5〉 − 〈Qˆ3〉〈Qˆ2〉
〈Qˆ3〉〈Qˆ2〉 .
(16)
Eq. (16) requires the knowledge of all the moments up to
the sixth order, including the fifth-order invariant that
appears in the covariance term of Qˆ2 and Qˆ3, which we
denote by −3δcv. Eq. (16) becomes singular for γ = 30◦
4(i.e., 〈Q3〉=0), in which case the relevant formula is
σ(cos 3γ) =
√
7
2
〈Qˆ6〉1/2
〈Qˆ2〉3/2 . (17)
In upper-left part of Table I, we list the results for
the effective values of γ and its fluctuations. We com-
pute the standard deviation σ(cos 3γ) using Eq. (16), in
which the value of 〈Qˆ5〉 is calculated from Eq. (9). We
then compute the values of cos−1(cos 3γ±σ(cos 3γ)) and
determine the corresponding range of the values of γ.
We often find values which are outside the allowed co-
sine range, in which case we set γ = 0◦ or γ = 60◦. The
ranges of γ values in the table are surprising; in most case
they span the complete prolate or oblate sectors, in which
case it is at least meaningful to characterize the nucleus
as prolate or oblate. Overall, the γ degree of freedom is
so soft that it is no longer meaningful to assign to it an
effective value. We have found only one axial nucleus,
20Ne, and a mildly triaxial nucleus, 24Mg, in which the
fluctuations of γ do not blur its effective value. Both
nuclei are close to Elliott’s SU(3) limit.
V. SHAPE COEXISTENCE IN
68
NI REVISITED
With 40 neutrons and 28 protons, 68Ni is a candidate
to doubly magic nucleus far from stability that displays
shape coexistence. It has a 0+ ground state that is often
said to be spherical, and two excited 0+ states, one that
is considered weakly deformed oblate and another that
is a strongly deformed prolate. These states have been
the subject of several recent experimental studies [25–27].
We explore the nature of these three 0+ states using the
quadrupole invariants with CI shell model wavefunctions
computed with the LNPS valence space and effective in-
teraction [28]. Our results are summarized in Table I
and Fig. 2. We refer to the plots shown in this figure
as K-plots. With σ〈Q2〉 ∼ 〈Q2〉 and γ completely unde-
fined, the notion of a ’spherical’ shape is not meaningful
for the ground state of 68Ni. We find the first excited
0+ to be very soft in β, but we can still call it deformed.
One could say that it is oblate, although its respective γ
values cover a large fraction of the prolate sector. The
second excited 0+ has a larger and relatively well-defined
value of β. The spread in γ is very large (20◦), but at
least it remains confined into the prolate sector.
We also include in Table I results for 64Cr, a nucleus
at the centre of the N = 40 IoI, to confirm that they are
nearly identical to those of the well-deformed excited 0+
band-head of 68Ni. This provides another evidence of the
role of shape coexistence in doubly magic nuclei as the
portal to the adjacent IoI.
VI. RIGID TRIAXIALLITY IN
76
GE AND
76
SE
FALSIFIED
Next, we discuss two nuclei that are relevant to neutri-
noless double beta decay searches, 76Se and 76Ge, whose
effective γ values are very close to 30◦. 76Ge was de-
scribed in Ref. [11] as an example of a rigid triaxial nu-
cleus. However, our calculations with the LNPS inter-
action and standard effective charges, which reproduce
very well its spectroscopic properties, show a rather large
spread (∼ 18◦) in γ, not fully compatible with rigid tri-
axiality. This spread we find in γ also disagrees with
the one obtained in a recent analysis [12]. Kumar’s in-
variants were extracted from experimental data and from
CI shell model calculations in another recent article enti-
tled “Trixiality in 76Se” [13]. Using the same interactions
and valence spaces used in the latter article, we find the
dispersion in 〈Qˆ2〉 to be 27% and 36% (for each of the
two interactions used), and the dispersion in γ to be 36◦
and 35◦, respectively. These values are much larger than
those concluded in Ref. [13], demonstrating the challenge
of calculating the expectation values of higher-order in-
variants in the CI shell model.
VII. ARE DOUBLY MAGIC NUCLEI
SPHERICAL?
As already discussed in the context of the ‘spherical’
68Ni ground state, the notion of a well defined shape for
nuclei usually called spherical, can be meaningless when
inferred from shell-model Kumar’s invariants. We have
examined two classical doubly magic nuclei, 48Ca and
56Ni, in the full pf shell using the KB3G interaction.
Kumar’s invariants lead to β=0.15, γ=33◦ for 48Ca, and
β=0.21, γ=41◦ for 56Ni. In both cases, σ〈Q2〉 ∼ 〈Q2〉
and the spread of γ at 1σ ∼ 60◦. Hence, their shapes are
completely undefined, making the expression ‘spherical
shape’ a quantal oxymoron.
VIII. CONCLUSION
We introduce a novel method for calculating higher-
order quadruple invariants in the CI shell-model ap-
proach, enabling accurate calculation of the fluctuations
in both intrinsic shape parameters β and γ. In the mass
regions we explored, we find, with the exception of 20Ne
and 24Mg, that γ is characterized by large fluctuations.
In particular, we find that the A = 76 isobars of germa-
nium and selenium exhibit significant γ fluctuations in
their ground states, contrary to recent claims that these
nuclei are rigid triaxial. In general, it is more meaning-
ful to describe the nuclear state in terms of a probability
distribution of intrinsic shapes [29] rather than assign-
ing particular values to β and γ. Our analysis has direct
consequences for the interpretation of laboratory-frame
results in the (β, γ) plane of intrinsic shapes, as is often
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FIG. 2. One sigma contours in the β-γ sextant for the three lowest 0+ states of 68Ni (K-plots). Red dots represent the effective
β,γ values
done in mean-field (and beyond) approaches [30]. We
find that it is particularly important to estimate the dis-
persion in γ before assigning to it a well-defined value.
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